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Abstrat
There is a well-known orrespondene between innite trees and
ultrametri spaes whih an be interpreted as an equivalene of ate-
gories and omes from onsidering the end spae of the tree.
In this equivalene, uniformly ontinuous maps between the end
spaes are translated to some lasses of oarse maps (or even lasses
of metrially proper lipshitz maps) between the trees.
Keywords: Tree, ultrametri, end spae, oarse map, uniformly ontinu-
ous, non expanding map.
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1 Introdution
This paper is mainly inspired by a reent, interesting and beautiful one due to
Brue Hughes [4℄ but it is also motivated by [8℄ where a omplete ultrametri
was dened on the sets of shape morphisms between ompata.
In [8℄ it was proved that every shape morphism indues a uniformly
ontinuous map between the orresponding ultrametri spaes of shape mor-
phisms whih are, in partiular, omplete and bounded as metri spaes.
Moreover Hughes established some ategorial equivalenes for some lasses
of ultrametri spaes and loal similarity equivalenes to ertain ategories
of geodesially omplete rooted R-trees and ertain equivalene lasses of
isometries at innity.
In view of that, it is natural for us to ask for a desription of uniform types
(the lassiation by means of uniform homeomorphism) of end spaes of
geodesially omplete rooted R-trees in terms of some geometrial properties
of the trees.
∗
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To answer these questions is the aim of this paper and we nd herein that
the bounded oarse geometry, see [10℄ and [11℄, of R-trees is an adequate
framework to do that.
Also, we would like to point out some important dierenes between
this paper and Hughes's. First of all we treat dierent, although related,
ategories:
The morphisms in every ategory of ultrametri spaes used in [4℄ are
isomorphisms for the uniform ategory of ultrametri spaes, i.e. they are
uniformly ontinuous homeomorphisms, while in this paper we get results for
the whole ategory of omplete bounded ultrametri spaes and uniformly
ontinuous maps between them (not only for uniformly ontinuous homeo-
morphism).
But above all, we get an expliit formula to onstrut a non-expansive
map between two trees that indues a given uniformly ontinuous funtion
between the orresponding end spaes. To obtain this formula we use a
proedure desribed by Borsuk, [3℄, to nd a suitable modulus of ontinuity
assoiated to a uniformly ontinuous funtion. This is the way in whih
we pass from the total disonnetedness of ultrametri spaes to the strong
onnetivity of any ray in the tree.
Our main results in this paper an be summarized as follows:
The ategory of omplete ultrametri spaes with diameter bounded above
by 1 and uniformly ontinuous maps between them is isomorphi to any of
the following ategories:
1) Geodesially omplete rooted R-trees and metrially proper homotopy
lasses of metrially proper ontinuous maps between them.
2) Geodesially omplete rooted R-trees and oarse homotopy lasses of
oarse ontinuous maps between them.
3) Geodesially omplete rooted R-trees and metrially proper non-expansive
homotopy lasses of metrially proper non expansive ontinuous maps be-
tween them.
We nish this paper reovering, as a onsequene of our onstrutions,
the lassial relation between the proper homotopy type of a loally nite
simpliial tree and the topologial type of its Freudenthal end spae, see [1℄.
Although our main soure of information on R-trees is Hughes's paper
[4℄, it must be also reommended the lassial book [12℄ of Serre and the
survey [2℄ of Bestvina for more information and to go further, let us say that
in [7℄, J. Morgan treats a generalization of R-trees alled Λ-trees. Moreover,
in [5℄, Hughes and Raniki treat appliations of ends, not only ends of trees,
to topology.
2
2 Trees
We are going to reall some basi properties on trees mainly extrated from
[4℄.
Denition 2.1. A real tree, or R-tree is a metri spae (T, d) that is
uniquely arwise onneted and ∀x, y ∈ T , the unique ar from x to y, de-
noted [x, y], is isometri to the subinterval [0, d(x, y)] of R.
Lemma 2.2. If T is an R-tree and v,w, z ∈ T , then there exists x ∈ T suh
that [v,w] ∩ [v, z] = [v, x].
Denition 2.3. A rooted R-tree, (T, v) is an R-tree (T,d) and a point v ∈ T
alled the root.
Denition 2.4. A rooted R-tree is geodesially omplete if every isometri
embedding f : [0, t] → T, t > 0, with f(0) = v, extends to an isometri
embedding f˜ : [0,∞) → T . In that ase we say that [v, f(t)] an be extended
to a geodesi ray.
Remark 2.5. The single point v is a trivial rooted geodesially omplete
R-tree.
Notation: If (T, v) is a rooted R-tree and x ∈ T , let ‖x‖ = d(v, x),
B(v, r) = {x ∈ T | ‖x‖ < r}
B¯(v, r) = {x ∈ T | ‖x‖ ≤ r}
∂B(v, r) = {x ∈ T | ‖x‖ = r}
Example 2.6. Cantor tree. Assume that eah edge of the tree has length 1.
Example 2.7. {(x, y) ∈ R2|x ≥ 0 and y = 0, y = x or y = x2n with n ∈ N}
For any two points on dierent branhes x,y dene d(x, y) = du(x, v) +
du(v, y).
Example 2.8. Consider (R2, O) and for any two points non aligned with
the origin dene the distane as follows d((x1, x2), (y1, y2)) =
√
x21 + x
2
2 +√
y21 + y
2
2.
Denition 2.9. If c is any point of the rooted R-tree (T, v), the subtree of
(T, v) determined by  is:
Tc = {x ∈ T | c ∈ [v, x]}.
Also, let
T ic = Tc\{c} = {x ∈ T | c ∈ [v, x] ∧ x 6= c}.
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Figure 1: The Cantor tree.
Lemma 2.10. If (T, v) is a geodesially omplete rooted R-tree, Tc the sub-
tree indued by any point c and x ∈ (T, v) suh that x 6∈ Tc then ∀y ∈
Tc d(x, y) = d(x, c) + d(c, y).
Proof. It sues to show that c ∈ [x, y]. Lemma 2.2 implies that there
exists z ∈ (T, v) suh that [v, x] ∩ [v, y] = [v, z] and we start with x 6∈ Tc,
that is, c 6∈ [v, x], in partiular, c 6∈ [v, z] and c ∈ [z, y]. It is lear that
[x, y] = [x, z] ∪ [z, y] thus, c ∈ [x, y].
Lemma 2.11. Let (T, v) a geodesially omplete rooted R-tree, Tc the subtree
indued by c and x ∈ (T, v) suh that x 6∈ Tc then d(x, Tc) = d(x, c).
Proof. It follows immediately from 2.10.
Remark 2.12. Let c be any point of the geodesially omplete rooted R-tree
(T, v), then Tc is losed.
Let x 6∈ Tc and ǫ = d(x, Tc) = d(x, c) > 0. By 2.10, B(x, ǫ) ∩ Tc = ∅.
Hene T\Tc is open.
Remark 2.13. Let c be any point of the geodesially omplete rooted R-tree
(T, v), then T ic is open.
Let x ∈ T ic (c ∈ [v, x] and x 6= c) and ǫ = d(x, c) > 0. Then B(x, ǫ) ⊂ T
i
c
and hene, T ic is open.
Lemma 2.14. If f : [0,∞) → (T, v) is an isometri embedding suh that
f(0) = v, then ∀t0 ∈ [0,∞) f [t0,∞) ⊂ Tf(t0).
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Figure 2: Non loally nite tree.
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Figure 3: Rtree whih is not a Ztree.
Proof. Clearly ∀t > t0, f(t0) must be in [v, f(t)]. Hene f(t) ∈ Tf(t0).
Remark 2.15. Let c ∈ (T, v) a geodesially omplete rooted R-tree, then Tc
is also a geodesially omplete rooted R-tree.
Tc is a metri spae sine it is a subset of a metri spae. It is lear that
any point in Tc is onneted with c by an ar, so, any two points in Tc are
onneted by an ar whih is obviously unique sine Tc is a subset of (T, v)
whih is uniquely arwise onneted.
We take c as the root of Tc.
Let f : [0, t0] → Tc any isometri embedding suh that f(0) = c. We
onsider the isometri embedding f ′ : [0, t0 + ‖c‖] → T suh that f
′(0) = v,
f ′(‖c‖) = c and f ′(t + ‖c‖) = f(t). f ′ extends f and, by denition of
geodesially omplete, there exists an isometri embedding f˜ ′[0,∞) → T
suh that f˜ ′ extends f ′. f˜ ′(‖c‖) = c and by lemma 2.14 f˜ ′[‖c‖,∞) ⊂ Tc.
If we dene f˜(t) = f˜ ′(t + ‖c‖) it is readily seen that f˜ : [0,∞) → Tc is an
isometri embedding and extends f in Tc.
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Denition 2.16. A ut set for a geodesially omplete rooted R-tree (T, v)
is a subset C of (T, v) suh that v 6∈ C and for every isometri embedding
α : [0,∞) → T with α(0) = v there exists a unique t0 > 0 suh that α(t0) ∈
C.
Example 2.17. ∂B(v, r) with r > 0, is a ut set for (T, v).
Proposition 2.18. Given a ut set C for (T, v), the onneted omponents
of T (C) := {x ∈ T | [v, x] ∩ C 6= ∅} (that is, the part of (T, v) not between
the root and the ut set) are exatly the subtrees {Tc}c∈C .
Proof. T (C) = ∪
c∈C
Tc and we know that Tc is always onneted (as it is
in fat arwise onneted). Let's see that for any c0 ∈ C, the onneted
omponent of c0 in T (C) is Tc0 .
If we remove from the tree any point x ∈ (T, v) we disonnet the tree
in two subsets: T ix and T\Tx whih are open sets in (T, v), as we saw in
lemmas 2.12 and 2.13, and it is easy to verify that T ix is lopen in T\{x}.
(Note that T ix need not be onneted but we may remark that T
i
x is a union
of onneted omponents of an open set and these are open sine (T, v) is
loally onneted).
Let c′ ∈ C suh that c′ 6= c0 and w ∈ (T, v) suh that [v, c0] ∩ [v, c
′] =
[v,w]. Consider x ∈ [w, c0] suh that x 6= c0 and by denition of ut set it
is lear that x 6∈ T (C) and T ix ∩ T (C) is a lopen set in T (C) that ontains
Tc0 and T
i
x ∩ Tc′ = ∅. The intersetion of all the lopen sets that ontain
Tc0 (we already know that Tc0 is onneted), is the quasi-omponent of Tc0
whih ontains the onneted omponent and doesn't interset any other
subtree Tc′ indued by any other point of the ut set. Hene, the onneted
omponent of c0 is exatly Tc0 .
Remark 2.19. If we onsider the ut set in (T, v) C := ∂B(v, r) with r > 0,
then T (C) is exatly T\B(v, r).
3 Metrially proper maps between trees
Here we used [10℄ and [11℄ for the main onepts.
Denition 3.1. A map f between two metri spaes X, X ′ is metrially
proper if for any bounded set A in X ′, f−1(A) is bounded in X.
Denition 3.2. A map f between two rooted R-trees, f : (T, v) → (T ′, w),
is said to be rooted if f(v) = w.
To avoid repeating the expression: rooted, ontinuous and metrially
proper map we dene metrially proper between trees as follows.
Denition 3.3. A map f between two rooted R-trees is metrially proper
between trees if it is rooted, metrially proper and ontinuous.
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Remark 3.4. If f : (T, v) → (T ′, w) is a metrially proper map between
trees, then:
∀M > 0 ∃N > 0 suh that f−1(B(w,M)) ⊂ B(v,N).
This is equivalent to say that f(T\B(v,N)) ⊂ T ′\B(w,M).
Proposition 3.5. Let f : (T, v) → (T ′, w) be a metrially proper map be-
tween trees, and let M > 0 and N > 0 suh that f−1(B(w,M)) ⊂ B(v,N),
then
∀c ∈ ∂B(v,N) ∃! c′ ∈ ∂B(w,M) suh that f(Tc) ⊂ T
′
c′ .
Proof. Let f : T → T ′ be a metrially proper map between trees, then
∀M > 0 ∃N > 0 suh that f−1(B(w,M)) ⊂ B(v,N) =⇒ f(T\B(v,N)) ⊂
T ′\B(w,M). f sends onneted omponents of T\B(v,N) into onneted
omponents of T ′\B(w,M).
In partiular, ∀c ∈ ∂B(v,N) f(Tc) ⊂ T
′\B(w,M). As it is a ontin-
uous image of a onneted set, is learly ontained in one of the onneted
omponents of T ′\B(w,M), and those are, as we saw in proposition 2.18
and 2.17, the subtrees determined by points of the ut set ∂B(w,M).
Equivalene relation on metrially proper maps between trees
In this paragraph we introdue an equivalene relation and the resulting
equivalene lasses form the morphisms of the ategory whose objets are
geodesially omplete rooted R-trees. We are going to dene this equivalene
relation in two steps, rst we are going to put it in terms of maps restrited
to omplements of losed balls entered at the root, and using that, we will
demonstrate that the relation is in fat a metrially proper homotopy. The
interest of this equivalene lass is that two maps will be in the same lass
if and only if they indue the same map between the end spaes of the trees
(that will be uniformly ontinuous as we shall see).
Let M > 0, N > 0 be suh that f(T\B(v,N)) ⊂ T ′\B(w,M) and
∀c ∈ ∂B(v,N) let Tc the subtree determined by c. By proposition 3.5,
∃!c′ ∈ ∂B(w,M) suh that f(Tc) ⊂ Tc′ .
This allows us to onsider a map whih sends the subtrees of T\B(v,N)
to subtrees of T ′\B(w,M) as follows.
Denition 3.6. Given TN := {Tc| c ∈ ∂B(v,N)}, let fTN : TN −→ T
′
M
suh that fTN (Tc) = Tc′ ⇔ f(Tc) ⊂ Tc′.
This map an be dened from a ertain N0 (whih depends on M), and
for all N > N0. If N > N0, then ∀d ∈ ∂B(v,N) there exists a unique
c ∈ ∂B(v,N0) suh that Td ⊂ Tc, and obviously
f(Td) ⊂ f(Tc) ⊂ T
′
c′ ⇒ fTN′ (Td) = T
′
c′ .
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Denition 3.7. Given f, f ′ : (T, v)→ (T ′, w) two metrially proper maps
between trees, then
f ∼ f ′ ⇔ ∀M > 0, ∃N0 > 0 suh that ∀N > N0 fTN = f
′
TN
.
Proposition 3.8. ∼ denes an equivalene relation.
Proof. It is obviously reexive and symmetri.
Transitive: If f ∼ f ′ and f ′ ∼ f ′′ then there exists N0 suh that ∀N >
N0 fTN = f
′
TN
and exists N1 suh that ∀N > N1 f
′
TN
= f ′′TN hene, for
all N > max{N0, N1} we may hek that f ∼ f
′′
.
Denition 3.9. If f, g : X → T are two ontinuous maps from any topo-
logial spae X to a tree T then the shortest path homotopy is an homotopy
H : X × I → T of f to g suh that if jx : [0, d(f(x), g(x))] → [f(x), g(x)]
is the isometri immersion of the subinterval [0, d(f(x), g(x))] ⊂ R into T
whose image is the shortest path between f(x) and g(x), then H(x, t) =
jx(t · d(f(x), g(x))) ∀t ∈ I ∀x ∈ X.
Lemma 3.10. If f, g : X → T are two ontinuous maps from any topologial
spae (X,τ ) to a tree T then there is a shortest path homotopy, H : X×I → T
of f to g.
Proof. It sues to prove that H with the denition above is ontinuous.
Consider (x0, t0) ∈ X×I. The ontinuity of f and g implies that ∀ǫ > 0 there
exists x0 ∈ U ∈ τ suh that f(U) ⊂ BT (f(x0),
ǫ
2) and g(U) ⊂ BT (g(x0),
ǫ
2).
It is immediate to hek that this implies that H(U, t0) ⊂ BT (H(x0, t0),
ǫ
2).
Let K be suh that d(f(x), g(x)) < K ∀x ∈ U . Then, H(U,B(t0,
ǫ
2K )) ⊂
BT (H(x0, t0), ǫ) and H is ontinuous. Clearly, H0 ≡ f and H1 ≡ g.
Denition 3.11. Given f, f ′ : (T, v) → (T ′, w) two metrially proper maps
between trees, let H be a ontinuous map H : T × I → T ′ with H(v, t) = w
∀t ∈ I suh that ∀M > 0,∃N > 0 suh that H−1(B(v,M)) ⊂ B(v,N)× I.
H is a rooted metrially proper homotopy of f to f ′ if H|T×{0} = f and
H|T×{1} = f
′
.
Notation: f ≃Mp f
′
if and only if there exists a rooted metrially proper
homotopy of f to f ′.
Denition 3.12. Two trees (T, v),(T ′, w) are metrially properly homotopi,
(T ≃Mp T
′
), if and only if there exist two metrially proper maps between
trees f : T → T ′ and f ′ : T ′ → T , suh that f ◦ f ′ ≃Mp idT ′ and f
′ ◦ f ≃Mp
idT .
Proposition 3.13. f ∼ f ′ ⇔ f ≃Mp f
′
.
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Proof. Suppose f ∼ f ′. ∀n ∈ N let tn > 0 suh that f(T\B(v, tn)) ⊂
T ′\B(w,n) and f ′(T\B(v, tn)) ⊂ T
′\B(w,n). Without loss of generality
suppose tn+1 > tn + 1. If f ∼ f
′
by proposition 3.5 ∀c in the ut set
∂B(v, tn) in T , there exists a unique point c
′
in the ut set ∂B(w,n) in T ′,
suh that the image under either f or f ′, of Tc, is ontained in T
′
c′ .
By 3.10 if we onsider the shortest path homotopy of f to f ′ it remains
to hek that this homotopy is metrially proper. It sues to show that ∀tn
and ∀t ∈ [0, 1] Ht(T\B(v, tn)) ⊂ T
′\B(w,n). Given x ∈ T\B(v, tn) we
know that f(x) ∈ T ′\B(w,n) and f ′(x) ∈ T ′\B(w,n) and also, by denition
3.7, ∃!c′ ∈ ∂B(w,n) suh that f(x) ∈ T ′c′ and f
′(x) ∈ T ′c′ . As we saw in
remark 2.15, T ′c′ is an R-tree, so there exists an ar in that tree from f(x) to
f ′(x), and, sine T is uniquely arwise onneted, this ar must be the same
and must be ontained in T ′c′ . Hene the homotopy restrited to T\B(v, tn)
is ontained in T ′\B(w,n).
Conversely, given f ,f ′ : (T, v) → (T ′, w) onsider H : T × I → T ′ a
metrially proper homotopy of f to f ′. Let M > 0, N > 0 suh that
Ht(T\B(v,N)) ⊂ T
′\B(w,M) ∀t ∈ I. For any c ∈ ∂B(v,N) and c′ ∈
∂B(w,M) suh that f(Tc) ⊂ T
′
c′ it is lear that Ht(Tc) ⊂ T
′
c′ ∀t ∈ I (as it is
the ontinuous image of a onneted set into T ′\B(w,M)), and in partiular
(if t = 1), f ′(Tc) ⊂ T
′
c′ , and hene, f ∼ f
′
.
4 Ultrametri spaes
We inlude in this setion the denition and some elementary properties
of ultrametri spaes. Most of these properties are not going to be needed
through this paper but we believe that they are very helpful to imagine the
struture of an ultrametri spae.
Denition 4.1. If (X, d) is a metri spae and d(x, y) ≤ max{d(x, z), d(z, y)}
for all x, y, z ∈ X, then d is an ultrametri and (X, d) is an ultrametri
spae.
Lemma 4.2. (a) Any point of a ball is a enter of the ball.
(b) If two balls have a ommon point, one is ontained in the other.
() The diameter of a ball is less than or equal to its radius.
(d) In an ultrametri spae, all triangles are isoseles with at most one
short side.
(e) Sr(a) = ∪
x∈Sr(a)
B<r(x).
(f) The spheres Sr(a) (r > 0) are both open and losed.
All these properties are demonstrated and beautifully exposed in [9℄.
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5 The end spae of a tree
In this setion we dene the funtor ξ from trees to ultrametri spaes fol-
lowing step by step [4℄.
Denition 5.1. The end spae of a rooted R-tree (T, v) is given by:
end(T, v) = {f : [0,∞) → T | f(0) = v and f is an isometri embedding }.
For f, g ∈ end(T, v), dene:
de(f, g) =
{
0 if f = g,
e−t0 if f 6= g and t0 = sup{t ≥ 0| f(t) = g(t)}
Note that sine T is uniquely arwise onneted:
{t ≥ 0| f(t) = g(t)} =
{
[0,∞) if f = g,
[0, t0] if f 6= g.
Proposition 5.2. If (T, v) is a rooted R-tree, then (end(T, v), de) is a om-
plete ultrametri spae of diameter ≤ 1.
Proposition 5.3. For any x ∈ (T, v), a geodesially omplete rooted R-tree,
there exist F ∈ end(T, v) and t ∈ [0,∞) suh that F (t) = x (in fat,
t = ‖x‖).
Proof. [0, d(v, x)] = [0, ‖x‖] ≈ 1[v, x] and by 2.4, it extends to a geodesi ray
F = {f : [0,∞)→ T | f isometry }. The result is a geodesi ray (an element
of the end spae of the tree), F , suh that F (‖x‖) = x.
6 The tree of an ultrametri spae
Denition 6.1. Let U a omplete ultrametri spae with diameter ≤ 1,
dene:
TU :=
U × [0,∞)
∼
with (α, t) ∼ (β, t′) ⇔ t = t′ and α, β ∈ U suh that d(α, β) ≤
e−t.
Given two points in TU represented by equivalene lasses [x, t], [y, s] with
(x, t), (y, s) ∈ U × [0,∞) dene a metri on TU by:
D([x, t], [y, s]) =
{
|t− s| if x = y,
t+ s− 2min{−ln(d(x, y)), t, s} if x 6= y.
1
isometry
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Remark 6.2. Instead of dening the tree as in [4℄ for any ultrametri spae
of nite diameter we restrit ourselves to ultrametri spaes of diameter ≤ 1.
We plae the root in [(x, 0)] and thus the ultrametri spae is isometri to
the end spae of the tree.
Proposition 6.3. D is a metri on TU .
Proposition 6.4. (TU ,D) is a geodesially omplete rooted R-tree.
Proposition 6.5. U ≈ end(TU ).
Proof. Consider the map γ : U → end(TU ) whih sends eah α ∈ U to
the isometri embedding fα : [0,∞) → TU suh that fα(t) = (α, t) (fα ∈
end(TU )).
Given α, β ∈ U let d0 = d(α, β) then (α, t) = (β, t) on [0,−ln(d0)] and
in the end spae, d(fα, fβ) = e
ln(d0) = d0 and hene, γ is an isometry. It is
immediate to see that it is surjetive by the ompleteness of U .
7 Construting the funtors
7.1 Maps between trees indued by an uniformly ontinuous
map between the end spaes
The purpose in this setion is, from a uniformly ontinuous map between two
ultrametri spaes (with diameter ≤ 1) to indue a map between the trees
of these spaes. As we have seen, the spaes are isometri to the end spaes
of their trees, so we an suppose that uniformly ontinuous map diretly
between the ends.
Denition 7.1.1. A funtion ̺ : [0,∞) −→ [0,∞) is alled modulus of
ontinuity if ̺ is non-dereasing, ontinuous at 0 and ̺(0) = 0.
Lemma 7.1.2. Let (X1, d1), (X2, d2) two metri spaes, X2 bounded and
let f : X1 → X2 a uniformly ontinuous map. Then ∃̺ : [0,∞) → [0,∞)
modulus of ontinuity suh that ∀x, y ∈ X1 d2(f(x), f(y)) ≤ ̺(d1(x, y)).
Proof. Dene:
̺(δ) := sup
x,y∈X1,, d(x,y)≤δ
{d(f(x), f(y))}. (1)
We are going to show that ̺ is a modulus of ontinuity. ̺ is well dened sine
X2 is bounded, and it is immediate that is non-dereasing and ̺(0) = 0.
It remains to hek the ontinuity at 0. Sine f is uniformly ontinuous,
then ∀ε > 0 ∃ δ > 0 suh that d(x, y) < δ ⇒ d(f(x), f(y)) < ε then
̺(δ′) ≤ ε ∀δ′ < δ, and hene,
lim
δ→0
̺(δ) = 0.
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To dene the map between the trees we will need the modulus of on-
tinuity to be ontinuous, so to dene the funtor, it sues to show that
for the map between the end spaes, there exists a ontinuous modulus of
ontinuity suh as in lemma 7.1.2.
We only need to show that there exists suh a map to dene the funtor
and to prove the ategorial equivalene, nevertheless, we an onstrut (1)
and in ertain examples, to follow the proess from 7.1.3 to 7.1.5 and see
what λ exatly does, and so, for simple examples, we an get an analyti
expression of this map between the trees as we shall see later on in 7.1.13.
Following the onstrution of Borsuk in [3℄, we take something similar to
a onvex hull of the image to obtain a ontinuous (and onvex) modulus of
ontinuity.
Denition 7.1.3. ∀x ∈ [0,∞) let Γ(x) the set of ordered pairs (x1, x2) suh
that x1, x2 ∈ [0,∞), x1 < x2 and x ∈ [x1, x2].
Denition 7.1.4. If x ∈ [x1, x2] ∃! t ∈ [0, 1] suh that x = tx1 + (1 −
t)x2. Let ̺x1,x2(x) = t̺(x1) + (1− t)̺(x2)
Denition 7.1.5.
ω(x) := sup
x1,x2∈Γ(x)
̺x1,x2(x)
Proposition 7.1.6. ω(0) = 0 and ω(x) is inreasing, onvex, uniformly
ontinuous and
lim
x→0
ω(x) = 0
Proof. It is lear that ω(0) = ̺(0) = 0. It is immediate to see that it is
inreasing sine ̺ is, and onvex obviously by onstrution. The proof that
it is ontinuous at 0 is in [3℄.
Remark 7.1.7. Note that by denition ω(x) ≥ ̺(x) ∀x ∈ [0,∞).
The ultrametri spaes we are onsidering are of diameter ≤ 1 so, we
may assume im(ω) ⊂ [0, 1]. Dene λ := ω|[0,1] and suppose λ(1) = 1.
There is no loss of generality sine if λ(1) < 1 we an nd another onvex
map, greater or equal than this one, with the same properties and suh that
its image of 1 is 1. It sues to dene ̺′(1) = 1 and ̺′(t) = λ(t) ∀t ∈ [0, 1).
From this map, we rewrite the proess to onstrut a onvex map ω′ as in
7.1.3, 7.1.4 and 7.1.5, that will be greater or equal than ̺′ and ω′(1) = 1.
We onsider the restrition to [0, 1] and so we get the map λ′ that we were
looking for.
Hene, from a uniformly ontinuous map f between two ultrametri
spaes U1, U2 with diameter (Ui) ≤ 1, we get a map λ : [0, 1] → [0, 1]
uniformly ontinuous, onvex and non-dereasing suh that:
lim
δ→0
λ(δ) = 0
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with λ(0) = 0, λ(1) = 1 and by remark 7.1.7:
∀x, y ∈ U1 d(f(x), f(y)) ≤ λ(d(x, y)).
Using this map we are now in position to indue from a uniformly on-
tinuous map f , between two omplete ultrametri spaes of diameter ≤ 1,
a map between the indued trees. As we saw in 6.5, we an identify this
ultrametri spaes with the end spaes of the trees and given f : U1 → U2 a
uniformly ontinuous map, by abuse of notation onsider f : end(TU1 , v) →
end(TU2 , w) suh that for any x ∈ U1, the isometri embedding whose image
is x × [0,∞)(∈ end(TU1 , v)) is sent to the isometri embedding whose im-
age is f(x)× [0,∞)(∈ end(TU2 , w)), transforming f into a map between end
spaes.
Denition 7.1.8. Let (T,v),(T',w) two geodesially omplete rooted R-trees,
and let f : end(T, v)→ end(T ′, w) a uniformly ontinuous map. Then dene
fˆ : T → T ′ suh that ∀x ∈ T let F ∈ end(T, v), t ∈ [0,∞) with
x = F (t) then fˆ(x) = f(F )
(
− ln(λ(e−t))
)
.
Remark 7.1.9. −ln(λ(e−t)) is non-dereasing.
t1 > t0 ⇒ e
−t1 < e−t0 ⇒ λ(e−t1) ≤ λ(e−t0)⇒ −ln(λ(e−t1)) ≥ −ln(λ(e−t0)).
Moreover, if d0 = min{d > 0| λ(d) = 1}, then λ is stritly inreas-
ing on [0, d0] sine it is onvex, and hene, it is immediate to hek that
−ln(λ(e−t)) is stritly inreasing for t on [−ln(do),∞). This implies that
the map fˆ |F [−ln(d0),∞) will be injetive for every F ∈ end(T, v).
Remark 7.1.10. Note that
lim
δ→0
λ(δ) = 0⇒ lim
t→∞
(
− ln(λ(e−t))
)
=∞.
Now we are going to verify that this map is well-dened and then we
shall study its properties.
Well dened Eah point in (T, v) has a unique image.
Let x ∈ (T, v), and F,G ∈ end(T, v), t0, t1 ∈ [0,∞) suh that
F (t0) = x = G(t1). We already know that t0 = t1 and F (t) = G(t) ∀t ∈
[0, t0]⇒ d(F,G) ≤ e
−t0
and by (1) ⇒ d(f(F ), f(G)) ≤ λ(e−t0).
This means that the branhes of the tree (the image of the isometri
embeddings of [0,∞)) f(F ) and f(G) oinide at least until the image of x
and so, the image of x is unique.
Now, d(f(F ), f(G)) = e−sup{s≥0/f(F )(s)=f(G)(s)} ≤ λ(e−t0) ⇔
sup{s ≥ 0/f(F )(s) = f(G)(s)} ≥ −ln(λ(e−t0)) and in partiular
f(F )
(
− ln(λ(e−t0))
)
= f(G)
(
− ln(λ(e−t0))
)
. Sine the image by fˆ doesn't
depend on the representative, is well dened.
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Proposition 7.1.11. If f is a uniformly ontinuous map between the end
spaes then fˆ , is Lipshitz of onstant 1.
Proof. Given x, x′ ∈ (T, v), we are going to prove that d(fˆ(x), fˆ (x′)) ≤ d(x, x′):
Case I. If the points are in the same branh of the tree.
Then, there exists F ∈ end(T, v) suh that x = F (t0) and x
′ = F (t1)
with t1 > t0, and hene d(x, x
′) = t1 − t0.
The images are f(F )
(
− ln(λ(e−t0))
)
and f(F )
(
− ln(λ(e−t1))
)
and it
is lear that
d(fˆ(x), fˆ(x′)) =
∣∣∣− ln(λ(e−t0))− (− ln(λ(e−t1)))∣∣∣.
We an avoid the absolute value, sine λ : [0, 1] → [0, 1] is non-dereasing:
t1 > t0 ⇒ e
−t1 < e−t0 ⇒ λ(e−t1) ≤ λ(e−t0)⇒ ln(λ(e−t1)) ≤ ln(λ(e−t0)) Hene,
d(fˆ(x), fˆ (x′)) = ln(λ(e−t1))− ln(λ(e−t0)). (2)
The onvexity of λ will allow us to relate this distane with t1 − t0. The
idea is that if we have two points on the line y = Kx (y1 = Kx1, y2 =
Kx2), the dierene between the logarithms only depends on the proportion
between x1 and x2 sine ln(Kx1)− ln(Kx2) = ln(
Kx1
Kx2
) = ln(x1x2 ) and in our
ase, this proportion between two points in the image of λ may be bounded
using the line whih joins the (0, 0) with the rst point sine λ is onvex.
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✡
q
q
q
r
(1, 1)
e−t1 e−t0
λ(e−t1)
λ(e−t0)
e−t0
e−t1
λ(e−t1)
y = λ(e
−t1)
e−t1
x
Figure 4: The funtion λ is onvex.
Sine λ : [0, 1] → [0, 1] is onvex and e−t1 < e−t0 , we have that λ(e−t0) ≤
e−t0
e−t1
λ(e−t1) ⇒ sine the natural logarithm is an inreasing funtion, substi-
tuting in (2),
d(fˆ(x), fˆ(x′)) ≤ ln(
e−t0
e−t1
λ(e−t1))−ln(λ(e−t1)) = ln(et1−t0) = t1−t0 = d(x, x
′).
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Case II. Suppose that x, x′ are not in the same branh. Then there exist
F, G ∈ end(T, v) and t0, t1 ∈ R suh that x = F (t0), x
′ = G(t1) and let
t2 = sup{s| F (s) = G(s)}. Then t2 ≤ t0, t1 (if it was not then x and x
′
would
be in the same branh) and d(x, x′) = t0 − t2 + t1 − t2 = d(x, y) + d(y, x
′)
with y = F (t2) = G(t2).
Nevertheless, fˆ(F (t2)) = fˆ(y) = fˆ(G(t2)) and by ase I, we an see
that d(fˆ(x), fˆ (x′)) ≤ d(fˆ(x), fˆ(y)) + d(fˆ(y), fˆ(x′)) ≤ d(x, y) + d(y, x′) =
d(x, x′).
Remark 7.1. Being Lipshitz, the indued map fˆ is uniformly ontinuous.
Metrially proper between trees
Proposition 7.1.12. If f is a uniformly ontinuous map between the end
spaes then fˆ is metrially proper between trees.
Proof. We have already proved the ontinuity.
Rooted. We assumed λ(1) = 1 and the image of the root will be the
image of F (0) for any F ∈ end(T, v), thus
fˆ(v) = fˆ(F (0)) = f(F )
(
− ln(λ(e0))
)
= f(F )(0) = w.
Metrially proper. We need to show that ∀M > 0 ∃N > 0 suh that
fˆ−1(B(w,M)) ⊂ B(v,N).
(This is equivalent to say that the inverse image of bounded sets is
bounded.).
fˆ−1(B(w,M)) = {x ∈ T | − ln(λ(e−‖x‖)) < M}. By remark 7.1.9
−ln(λ(e−t)) is non-dereasing and by remark 7.1.10 it is lear that ∃N >
0 suh that ∀t ≥ N − ln(λ(e−t)) > M , and hene, fˆ−1(B(w,M)) ⊂
B(v,N).
 
 
 
 
 
 
 
 
✲ 
 
 ✒
sss
t0
v
t1
♣
♣
♣
F2
F3
F1
✲
fˆ
 
 
 
 
 
 
 
 
✲ 
 
 ✒
sssw
t′0 t1
♣
♣
♣
F ′2
F ′3
F ′1
Figure 5: fˆ : (T, v) → (T ′, w) indued by a map f between the ends.
Example 7.1.13.
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Let f : end(T, v) → end(T ′, w) suh that f(Fi) = F
′
i for i = 1, 2 or 3. A
modulus of ontinuity an be dened as in lemma 7.1.2
̺(δ) :=


0 if δ < e−t1 ,
e−t1 if e−t1 ≤ δ < e−t0 ,
e−t
′
0
if e−t0 ≤ δ < 1,
1 if 1 ≤ δ.
Now, if we onstrut ω as in 7.1.5, we have
ω(δ) :=


e−t
′
0
e−t0
· δ if δ < e−t0 ,
̺e−t0 ,1(δ) if e
−t0 ≤ δ < 1,
1 if 1 ≤ δ.
Making λ := ω|[0,1]
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡
✥✥✥
✥
q
q
r
(1, 1)
e−t1 e−t0
e−t1
e−t
′
0
e−t0
· e−t1
e−t
′
0
λ
Figure 6: λ an be dened as follows.
We an hek that fˆ is Lipshitz of onstant ≤ 1 from Fi[0, t0] to F
′
i [0, t
′
0]
and an isometry between Fi[t0,∞) and Fi[t
′
0,∞) for i = 1, 2 or 3 with
fˆ(Fi(t0)) = F
′
i (t
′
0) and fˆ(Fj(t1)) = F
′
j(t1 − t0 + t
′
0) ∈ F
′
j(t
′
0, t1) for j = 2, 3.
Thus, f is a non-expansive map.
Some remarks
Denition 7.1.14. Let X1,X2 two metri spaes, a map f : X1 → X2 is
bornologous if for every R > 0 there is S > 0 suh that for any two points
x, x′ ∈ X1 with d(x, x
′) < R, d(f(x), f(x′)) < S.
Denition 7.1.15. The map is oarse if it is metrially proper and bornol-
ogous.
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Remark 7.1.16. The indued map between the trees fˆ from the uniformly
ontinuous map between the end spaes is oarse.
Proof. We have already seen that it is metrially proper. Sine it is lips-
hitz of onstant 1, then ∀S > 0 ∃R > 0 suh that d(x, x′) < S ⇒
d(fˆ(x), fˆ(x′)) < R, with only making R = S.
Denition 7.1.17. A map is proper if the inverse image of any ompat
set is ompat.
We studied if fˆ is also proper but it isn't.
Counterexample. Let U a ultrametri spae onsisting of a ountable
family, non nite, of points {xn}n∈N with d(xi, xj) = d1 ∀i 6= j and another
point, {y} with d(y, xi) = d0 ∀i, suppose d0 > d1, and let U
′
the same
family of points {xn}n∈N with distane d1 among them and another point,
{y′} with d(y′, xi) = d
′
0 and d
′
0 > d0. Both spaes are uniformly disrete
and the map f whih sends y to y′, and xi to x
′
i is obviously uniformly
ontinuous. Now we an nd a ompat set K in TU ′ suh that its inverse
image under fˆ : TU → TU ′ is not ompat.
Consider t0 = −ln(d0) t
′
0 = −ln(d
′
0) and t1 = −ln(d1). The indued
trees are,
 
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 
 
 
 
 
✲ 
 
 ✒
✟✟
✟✯
sss
t0
v
t1
♣
♣
♣
♣
♣
♣
F1
F2
H
G
✲
f
 
 
 
 
 
 
 
 
✲ 
 
 ✒
✟✟
✟✯
sssw
t′0 t1
♣
♣
♣
♣
♣
♣
F1
F2
H
G
Figure 7: A metrially proper map between the trees whih is not proper.
Let K = B¯(w, t1) whih is obviously ompat, we an see that fˆ
−1(K)
is not ompat.
The image by fˆ of the ar [v, xi(t0)] ≈ [0, t0] will be [w, x
′
i(t
′
0)] ≈ [0, t
′
0]
(with t′0 < t0). By onvexity of λ, ∀t > t0 e
−t < e−t0 ⇒ λ(e−t) ≥
e−t
e−t0
λ(e−t0) ⇒ −ln(λ(e−t)) ≤ −ln(et0−t · λ(e−t0)) = t − t0 + t
′
0. Let ǫ =
t0 − t
′
0 > 0 then fˆ(B(v, t)) ⊂ B(w, t − ǫ) ⇒ in partiular B(v, t1 + ǫ) ⊂
fˆ−1(B(w, t1)), and so the inverse image by fˆ of K is a losed ball of radius
greater than t1, and sine TU is not loally ompat at t1, this set is not
ompat.
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7.2 Uniformly ontinuous map between end spaes indued
by a metrially proper map between trees
Proposition 7.2.1. Given (T, v) and (T ′, w) two geodesially omplete rooted
R-trees, and f a metrially proper map between trees then ∀F ∈ end(T, v)
∃! G ∈ end(T ′, w) suh that G[0,∞) ⊂ im
(
fˆ(F [0,∞))
)
. Thus, f indues
a map between the end spaes of the trees.
Proof. Existene. Let F ∈ end(T, v). ∀n ∈ N, ∃tn > 0 suh that
fˆ−1(B(w,n)) ⊂ B(v, tn). By proposition 3.5 ∃! c
′
n ∈ ∂B(w,n) suh that
f
(
TF (tn)
)
⊂ T ′c′n .
Dene G : [0,∞)→ T suh that G|[0,n] ≡ [w, c
′
n] ∀n ∈ N. It is lear that
this G is well dened, G ∈ end(T, v) and G[0,∞) ⊂ im
(
fˆ(F [0,∞))
)
q.e.d.
Uniqueness: Let H ∈ end(T ′, w) H 6= G with d(H,G) = d0 > 0 we are
going to show that H[0,∞) an't be ontained in the image of F [0,∞) by
f .
✘✘✘
✘✿
❳❳❳❳③
F
G
M
sv
Figure 8: Uniqueness.
Let M > −ln(d0). As we know, ∃N > 0 suh that fˆ
−1(B(w,M)) ⊂
B(v,N). By proposition 3.5 ∃! c′M ∈ ∂B(w,M) suh that f
(
TF (N)
)
⊂
T ′c′
M
and it is lear that c′M = G(M) but sineM > −ln(d0) = sup{s/G(s) =
H(s)} ⇒ H(M) 6= c′M ⇒ fˆ(F [N,∞)) ∩H[0,∞) = ∅.
Moreover (T, v), (T ′, w) are metri spaes and fˆ is ontinuous, then
fˆ(F [0, N ]) is the ontinuous image of a ompat set and so it is ompat in
a metri spae and hene, it is bounded =⇒ H[0,∞) 6⊂ fˆ(F [0, N ]).
Hene H[0,∞) 6⊂ fˆ(F [0,∞)) and G is unique.
Denition 7.2.2. Let f : (T, v) → (T ′, w) a metrially proper map between
trees, dene f˜ : end(T, v) → end(T ′, w) with f˜(F ) = G ∈ end(T ′, w) suh
that G[0,∞) ⊂ f(F [0,∞)).
Proposition 7.2.3. f˜ is uniformly ontinuous.
Proof. Let ǫ′ > 0. Consider ǫ < ǫ′. Then there exists δ > 0 suh that
fˆ−1(B(w,−lnǫ)) ⊂ B(v,−lnδ) ⇒ fˆ(T\B(v,−lnδ)) ⊂ T ′\B(w,−lnǫ). One
again, the idea of 3.5.
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Consider two branhes F and G on (T, v) (two elements in the end spae
of the tree) with d(F,G) ≤ δ, this means that F (t) = G(t) on [0,−lnδ]. Let
c = F (−lnδ) = G(−lnδ), we have seen that f(c) ∈ T ′\B(w,−lnǫ), then
f˜(F ) = f˜(G) at least on [0,−lnǫ], thus d(fˆ(F ), fˆ /G)) ≤ ǫ < ǫ′ and hene f˜
is uniformly ontinuous.
Proposition 7.2.4. Let f, f ′ : (T, v) → (T ′, w′) two metrially proper maps
between trees, f ∼ f ′ ⇔ f˜ = f˜ ′ (this is, if they indue the same map between
the end spaes).
Proof. Suppose f ∼ f ′ and they don't indue the same map. ∃F ∈
end(T, v) suh that f˜(F ) = G 6= H = f˜ ′(F ). Let M > −ln(d(G,H)) >
0, N0 > 0 suh that f
−1(B(w,M)) ⊂ B(v,N0) and f
′−1(B(w,M)) ⊂
B(v,N0) then, ∀N > N0, let c = F (N) ∈ ∂B(v,N) and by 7.2.1 fTN (Tc) =
T ′G(M) 6= T
′
H(M) = f
′
TN
(Tc) whih are dierent beause M > −ln(d(G,H))
whih is a ontradition with (f ∼ f ′).
Conversely, suppose that f and f ′ indue the same map between the end
spaes. Sine they are metrially proper ∀M > 0 ∃N1 > 0 suh that
f(T\B(v,N1)) ⊂ T
′\B(w,M) and ∃N2 > 0 suh that f(T\B(v,N2)) ⊂
T ′\B(w,M). Let N0 = max{(N1, N2)} ⇒ f(T\B(v,N0)) ⊂ T
′\B(w,M)
and ∀N > N0, we have two maps as we saw in 3.6.
fTN , f
′
TN
: TN −→ T
′
M .
The indued map between the end spaes is the same, hene ∀F ∈
end(T, v) ∃! G ∈ end(T ′, w) suh that f˜(F ) = G = f˜ ′(F ). Consider
TF (N) any subtree of T\B(v,N), and it is lear that the image of F [N,∞)
whether by f or f ′ must be ontained in T ′G(M) sine G[0,∞) is ontained
in the image of F [0,∞). Thus fTN (TF (N)) = T
′
G(M) = f
′
TN
(TF (N)) =⇒ f ∼
f ′.
Corollary 7.2.5. Let f, f ′ : (T, v) → (T ′, w′) two metrially proper maps
between trees, f ≃Mp f
′ ⇔ f˜ = f˜ ′
Corollary 7.2.6. In any equivalene lass of metrially proper maps between
the trees there is a representative whih is Lipshitz of onstant 1 and that
restrited to the omplement of some open ball entered on the root, the
restrition to the branhes is injetive.
Remark 7.2.7. Given f : (T, v) → (T ′, w′) a surjetive metrially proper
map between trees, arise the question if the indued map between the end
spaes would also be surjetive. It is not.
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Counterexample.
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Figure 9: A surjetive metrially proper map between the trees whih indues
a non surjetive map between the ends.
Let
f(Fn(t)) =


F ′0(t) if t ∈ [0,
1
4 ],
F ′0(
1
4 + 4n(t−
1
4)) if t ∈ [
1
4 ,
1
2 ],
F ′0(2n(1− t)) if t ∈ (
1
2 , 1],
F ′n(t− 1) if t ∈ (1,∞).
and
f(G(t)) = G′(t).
f is learly rooted, ontinuous, surjetive and metrially proper but if
we onsider the indued map between the end spaes we nd that F ′0 is not
ontained in the image of any branh of T .
8 Equivalene of ategories
Consider the ategories,
T : Geodesially omplete rooted R-trees and metrially proper homotopy
lasses of metrially proper maps between trees.
U : Complete ultrametri spaes of diameter ≤ 1 and uniformly ontinu-
ous maps. Dene the funtors,
ξ : T −→ U suh that ξ(T, v) = end(T, v) for any geodesially omplete
rooted R-tree and ξ([f ]Hp) = f˜ for any metrially proper homotopy lass of
a metrially proper map between trees.
η : U −→ T suh that η(U) = TU for any omplete ultrametri spae of
diameter ≤ 1 and η(f) = [fˆ ] for any uniformly ontinuous map.
Proposition 8.1. ξ : T −→ U is a funtor.
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Proof. ξ(id(T,v)) = idend(T,v) is obvious.
Let [f ] : (T, v) → (S,w), [g] : (S,w) → (R, z) two equivalene lasses
of metrially proper maps between trees then
ξ([g] ◦ [f ]) = ξ([g]) ◦ ξ([f ]).
By 7.2.1, the indued maps between the end spaes are learly the same.
Proposition 8.2. η : U −→ T is a funtor.
Proof. η(idU ) = η(idend(TU )) = idTU is obvious.
Let f : U1 → U2, and g : U2 → U3 two uniformly ontinuous maps then
η(g ◦ f) = η(g) ◦ η(f).
This follows immediately from 7.2.4 sine the maps between the end spaes
are the same.
Lemma 8.3. Let S : A → C be a funtor between two ategories. S is
an equivalene of ategories if and only if is full, faithful and eah objet
c ∈ C is isomorphi to S(a) for some objet a ∈ A.
This lemma is in [6℄
Theorem 8.4. (Main theorem) ξ : T −→ U is an equivalene of ate-
gories.
Proof. ξ is full ( immediate f =
˜
[ ˆ ]f = ξ(fˆ)).
ξ es faithful (this follows immediately from proposition 7.2.4).
∀U ∈ U ∃ T ∈ T suh that ξ(T ) ≈ U . (By 6.3 ξ(TU ) ≈ U , with ≈
isometry).
Example 8.5. Consider f : (T, v)→ (T ′, w) a map between the geodesially
omplete rooted R-trees
We an easily dene an homeomorphism between these trees. Let f be
suh that f [n− 1, n] = [1 − 1
2n−1
, 1 − 12n ] ∀n ∈ N with f |[n−1,n] a similarity
with onstant
1
2n on this ar, and an isometry on the rest (the vertial lines)
with f(Fn) = F
′
n ∀n ∈ N. Then it is obviously an homeomorphism but
learly not uniform sine f−1 is not uniformly ontinuous.
Sine f is a non-expansive map, f−1 is metrially proper and hene, it in-
dues a map f˜−1 from end(T ′, w) to end(T, v) whih is uniformly ontinuous
but f is not metrially proper (for example f−1(B(w, 1)) is not bounded)
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Figure 10: A homeomorphism between the trees whih does not indue a
map between the ends.
and it doesn't indue any map from end(T, v) to end(T ′, w) sine f(G) is
not geodesially omplete.
f is bornologous but it is not oarse (fails to be metrially proper) and
f−1 is not bornologous.
Example 8.6. We an dene also an homeomorphism f between two rooted
geodesially omplete R-trees suh that f˜ is a non-uniform homeomorphism
between the end spaes.
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Figure 11: A homeomorphism between the trees whih indues a non
uniform homeomorphism between the ends.
Consider these trees (T, v) and (T ′, w). (T, v) has {Fi}
∞
i=1 branhes suh
that Fi ∩ Fj = {v}, and ∀i there are branhes {Fi,k}
∞
k=1 suh that Fi,k = Fi
on [0, k]. (T ′, w) is quite similar but ∀i the branhes {F ′i,k}
∞
k=1 are suh that
F ′i,k = F
′
i on [0,
k
i ] ∀k ≤ i and F
′
i,k = F
′
i on [0, k − i] ∀k > i.
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Dene f : (T, v) → (T ′, w) suh that f(Fi(t)) = F
′
i (
t
i ) ∀t ∈ [0, i] and
f(Fi(t)) = F
′
i (t − i + 1) ∀t ∈ [i,∞) ∀i ∈ N, and also f(Fi,k(t) = F
′
i,k(t −
i + ki ) ∀t ∈ [i,∞), ∀k ≤ i and f(Fi,k(t) = F
′
i,k(t − i) ∀t ∈ [i,∞), ∀k > i.
Hene, the indued map between the end spaes f˜ : end(T, v) → end(T ′, w)
is f˜(Fi) = F
′
i and f˜(Fi,k) = F
′
i,k ∀i, k ∈ N. It is easy to verify that f˜ is
an homeomorphism but this homeomorphism is not uniform. Let ǫ < e−1,
∀δ > 0 there exists N > 0 suh that e−i < δ ∀i ≥ N . Then, ∀i > N
d(Fi, Fi,i) = e
−i < δ and d(f˜(Fi), f˜(Fi,i)) = d(F
′
i , F
′
i,i) = e
−1 > ǫ.
Dene g := f˜−1. Then it easy to hek that g is uniformly ontinuous
and the indued map gˆ is suh that gˆ|F ′[0,∞) → F [0,∞) is an isometri
embedding ∀F ′ ∈ end(T ′, w).
Nevertheless, the end spaes of these trees are in fat uniformly home-
omorphi, and hene, as it has been proved, there are f : (T, v) → (T ′, w),
and f ′ : (T ′, w) → (T, v) metrially proper maps between trees suh that
f◦f ′ ≃P idT ′ and f
′◦f ≃P idT . These an be f
′ = gˆ and f : (T, v) → (T ′, w)
suh that f(F [0, 1]) = w ∀F ∈ end(T, v), f(Fi(t)) = F
′
i (t − 1) ∀t ∈ [1,∞),
∀i ∈ N, f(Fi,k(t)) = Fi,k+i−1(t − 1) ∀t ∈ [1,∞), ∀k ≥ 2 and nally
f(F i·(i−1)
2
+k,1
) = F ′i,k ∀k ≤ i, ∀i ∈ N. The uniform homeomorphism is
the naturally indued by these maps.
9 Lipshitz maps and oarse maps between trees
In this setion lipshitz may be understood diretly as non-expansive, or
lipshitz of onstant 1. Nevertheless what is written is true in general for
the usual denition of lipshitz.
Lemma 9.1. Let x1, x2, y1, y2 points in R then for any t ∈ [0, 1],
d(tx1 + (1− t)x2, ty1 + (1− t)y2) ≤ max{d(x1, y1), d(x2, y2)}
Proof. d(tx1 + (1 − t)x2, ty1 + (1 − t)y2) = |tx1 + (1 − t)x2 − [ty1 +
(1− t)y2]| = |t(x1− y1)+ (1− t)(x2− y2)| ≤ t · |x1− y1|+(1− t) · |x2− y2| ≤
max{d(x1, y1), d(x2, y2)}.
Lemma 9.2. Let f ,g : T → T ′ two metrially proper maps between trees.
Consider H : T × I → T ′ the shortest path homotopy dened in lemma 3.10,
then for any two points x, y ∈ T ,
d(Ht(x),Ht(y)) ≤ max{d(f(x), f(y)), d(g(x), g(y))}.
Proof. Suppose d(f(x), f(y)) < d(g(x), g(y)). If for some t ∈ I
d(Ht(x),Ht(y)) > d(g(x), g(y)) then there must be some t0 > t ∈ I suh
that d(Ht0(x),Ht0(y)) = d(g(x), g(y)). So let us assume d(f(x), f(y)) =
d(g(x), g(y)) = d0, and it sues to show that in this ase the ondition is
satised.
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Now if we show that in this onditions there is always some ǫ > 0 suh
that for any 0 < t < ǫ d(Ht(x),Ht(y)) ≤ d0 then we have that this happens
for any t in an open set of I and by ontinuity of the metri, this will be also
a losed set of I and hene, d(Ht(x),Ht(y)) ≤ d0 ∀t ∈ I.
Now to prove the lemma it sues to distinguish the following ases.
Case 1. If f(x) = g(x) (or f(y) = g(y)). Then there is a unique ar,
isometri to ertain interval in R that ontains the points and this is the ase
of lemma 9.1.
Now we an assume f(x) 6= g(x) and f(y) 6= g(y).
Case 2. If f(x) 6∈ [w, g(x)] and f(y) 6∈ [w, g(y)]. Then there exists
δ > 0 suh that δ < d(f(x), [w, g(x)]) and δ < d(f(y), [w, g(y)]). Let ǫ
suh that ǫ < δd(f(x),g(x)) and ǫ <
δ
d(f(y),g(y)) then for every 0 < t < ǫ
Ht(x) 6∈ [w, g(x)] ⇒ Ht(x) ∈ [w, f(x)] and Ht(y) 6∈ [w, g(y)] ⇒ Ht(y) ∈
[w, (f(y)] and it is easy to hek that for every 0 < t < ǫ d(Ht(x),Ht(y)) <
d(f(x), f(y)) = d0.
Case 3. If f(x) ∈ [w, g(x)] and g(x) ∈ [w, f(y)]. Let z ∈ T suh that
[w, g(x)] ∩ [w, f(y)] = [w, z]. If z = g(x) or z = f(y) then there is an ar,
isometri to an interval in R that ontains the points and this is again the
ase of lemma 9.1. Now we nd two dierent situations.
a) z ∈ [w, f(x)] and z ∈ [w, g(y)] then this is again an ar isometri to
an interval.
✘✘✘
✘✘✘
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r
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Figure 12: This is again the ase of the previous lemma.
b) z 6∈ [w, f(x)] (if z 6∈ [w, g(y)] it is analogous). Note that both z, f(x) ∈
[w, g(y)] and so in this ase f(x) ∈ [w, z]. Let δ > 0 suh that δ < d(f(x), z)
and δ < d(z, f(y)). Let ǫ > 0 suh that ǫ < δd(f(x),g(x)) and ǫ <
δ
d(f(y),g(y))
then for every 0 < t < ǫ Ht(x) ∈ [f(x), z] and Ht(y) ∈ [z, f(y)] and hene,
d(Ht(x),Ht(y)) < d(f(x), f(y)) = d0.
Dene f ≃L f
′
if there exists H : T × I → T ′ a rooted metrially proper
homotopy of f to f ′ suh that Ht is Lipshitz for every t ∈ I.
Also, f ≃C f
′
if there exists H : T × I → T ′ a rooted (metrially proper)
homotopy of f to f ′ suh that Ht is oarse for every t ∈ I. Being metrially
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Figure 13: Case 3 b)
proper is already supposed by denition of oarse.
The next propositions follow immediately from the lemma and proposi-
tion 7.2.4.
Proposition 9.3. Given f ,f ′ : T → T ′ two lipshitz, metrially proper maps
between trees, then f˜ = f˜ ′ ⇔ f ≃L f
′
.
Corollary 9.4. There is an equivalene of ategories between U and the at-
egory of geodesially omplete rooted R-trees with lipshitz, metrially proper
homotopy lasses of lipshitz, metrially proper maps between trees.
Proposition 9.5. Given f ,f ′ : T → T ′ two oarse, metrially proper maps
between trees, then f˜ = f˜ ′ ⇔ f ≃C f
′
.
Corollary 9.6. There is an equivalene of ategories between U and the at-
egory of geodesially omplete rooted R-trees with oarse, (metrially proper)
homotopy lasses of oarse, (metrially proper) maps between trees.
Corollary 9.7. Given f : T → T ′ a metrially proper map between trees
then there exists a rooted ontinuous metrially proper non-expansive map
f ′ : T → T ′ suh that f ≃Mp f
′
.
Corollary 9.8. Given f : T → T ′ a rooted ontinuous oarse map between
trees then there exists a rooted ontinuous metrially proper non-expansive
map f ′ : T → T ′ suh that f ≃C f
′
.
10 Freudenthal ends and lassial results
This work allows us to give some new proofs of already known results and
to look at them from a new perspetive. We also extend in this setion
the eld of our study to inlude some onsiderations about non-rooted and
non-geodesially omplete trees and how an we use or adapt our tools with
them.
Pruning the tree When we have a non-geodesially omplete rooted R-
tree and we are only interested in the geodesially omplete branhes we an
prune the rest as follows.
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Theorem 10.1. If (T, v) is a rooted R-tree then, there exists (T∞, v) ⊂ (T, v)
a unique geodesially omplete subtree that is maximal.
Proof. Using Zorn's lemma. Consider (Tgc,≤) with Tgc geodesially omplete
subtrees of (T, v) and T1 ≤ T2 ⇔ T1 ⊂ T2. This is an ordered struture.
It is not empty sine the root is a trivial geodesially omplete subtree.
To prove that every hain of (Tgc,≤) admits an upper bound TM it
sues to show that the union of elements of the hain is also a geodesially
omplete subtree of (T, v). It is a subset of the tree where every point
is arwise onneted to the root and hene it is obviously a subtree. Let
f : [0, t] → TM , t > 0 any isometri embedding suh that f(0) = v, then
there exists an element T0 in the hain suh than f(t) ∈ T0 ⇒ f [0, t] ∈ T0
and f extends to an isometri embedding f˜ : [0,∞)→ T0 ⊂ TM , and hene,
TM is geodesially omplete.
Then, by Zorn's lemma (Tgc,≤) possesses a maximal element.
The union of two elements of (Tgc,≤) is also a geodesially omplete
subtree and hene, the maximal element (T∞, v) is unique.
Lemma 10.2. If the metri of (T∞, v) is proper then it is a deformation
retrat of (T, v).
Proof. Sine the metri is proper, for any x ∈ T\T∞ there is a point y ∈ T∞
suh that d(x, T∞) = d(x, y) and it is unique sine the tree is uniquely arwise
onneted. Let r : T → T∞ suh that r(x) = y ∀x ∈ T\T∞ and the identity
on T∞. Then r is a retration and the shortest path homotopy makes the
deformation retrat.
Proper homotopies and Freudenthal ends
Denition 10.3. Two proper maps f, g : X → Y are properly homotopi
f ≃p g in the usual sense if there exists an homotopy H : X × I → Y of f
to g suh that H is proper.
Denition 10.4. X,Y are of the same proper homotopy type or properly
homotopi in the usual sense if there exist two proper maps f : X → Y and
g : Y → X suh that g ◦ f ≃p IdX and f ◦ g ≃p IdY .
Notation: ≃P means properly homotopi suh that the proper maps
and the homotopy are rooted, and ≃p is the usual sense of proper homotopy
equivalene.
Lemma 10.5. Let S1, S2 two loally nite simpliial trees and onsider any
two points x1 ∈ S1, x2 ∈ S2. Then (S1, x1) ≃P (S2, x2) if and only if S1 ≃p
S2.
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Proof. The only if part is lear sine it is a partiular ase.
The other part is rather tehnial. Consider f : S1 → S2 and g : S2 → S1
proper maps and the proper homotopies H1 of g ◦ f to IdS1 and H2 of f ◦ g
to IdS2 . First we onstrut two rooted proper maps redening f and g.
Consider the unique ar in S2 [x2, f(x1)]. In order to dene the rooted proper
map from S1 to S2 we are going to send this ar with a proper homotopy to
the root x2 and to pull somehow the rest of the tree after it.
Sine [x2, f(x1)] is ompat and the tree is loally nite, there are nitely
many verties v1, . . . , vn in this ar. The tree is loally ompat, hene
onsider B(vi, ǫi) ompat neighborhoods of vi with i = 1, . . . , n (we may
assume that they are disjoint). We dene the homotopy suh that sends
[x2, f(x1)] to x2, that for eah point y ∈ Tvi ∩ ∂B(vi, ǫi) goes linearly from
[vi, y] to [x2, y] and is the identity on the rest as follows. If x ∈ [x2, f(x1)]
let jx : [0, d(x2, x)] → [x2, x] an isometry with jx(0) = x then H(x, t) =
jx(t · d(x2, x)). If x ∈ Tvi ∩ B(vi, ǫi) then let jx : [0, d(x2, x)] → [x2, x] an
isometry suh that jx(0) = x then H(x, t) = jx
(
t ·
[d(vi,x2)+ǫ
ǫ
(
ǫ− d(x, vi)
)
−
(ǫ− d(x, v))
])
= jx
(
t · d(vi,x2)ǫ (ǫ− d(x, v))
)
.
 
 
 ✒
s s
s
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v
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Figure 14: The homotopy sends [x2, f(x1)] to x2 and [v, ∂B(v, ǫ) ∩ Tv] to
[x2, ∂B(v, ǫ) ∩ Tv].
It is easy to hek that H(vi × I) = [x2, vi] with H(vi, 0) = vi and
H(vi, 1) = x2, and ∀y ∈ ∂B(vi, ǫi) ∩ Tvi H(y, t) = y ∀t. H(x, t) = x on
the rest of the tree. This map is ontinuous. To see that it is proper rst
onsider K0 := [x2, f(x1)] ∪ (
n
∪
i=1
B(vi, ǫi)) whih is a ompat subset of the
tree S2, and hene K0×I is a ompat subset of S2×I. For any ompat set
K ∈ S2 H
−1(K) is a losed (sine H is ontinuous) subset of the ompat
set K0 ∪K. Thus, H is proper.
Clearly f(x) = H(x, 0) and let f˜(x) := H(x, 1). f˜ is proper, f˜(x1) = x2
(it is rooted) and f ≃P f˜ .
We do the same for g : S2 → S1 and we get a rooted proper map g˜ :
(S2, x2)→ (S1, x1) suh that g ≃P g˜.
Hene we have a proper homotopy H1 of g˜ ◦ f˜ to IdS1 and also H
2
of
f˜ ◦ g˜ to IdS2 .
H1 is suh thatH1(x1, 0) = x1 = H
1(x1, 1). S1 is loally ompat sine it
is loally nite, thus, onsider B(x1, ǫ) a ompat neighborhood of the root,
and so B(x1, ǫ)×I is ompat. Now we dene the rooted homotopy whih is
the same at levels 0,1 (H˜1(x, 0) = H1(x, 0) and H˜1(x, 1) = H1(x, 1) ∀x ∈ S1)
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and in the omplement of the losed (and ompat) ball, (for eah t ∈ (0, 1),
H˜1(S1\B(x1, ǫ), t) = H
1(S1\B(x1, ǫ), t) ). In the losed ball we only need
H˜1(x1, t) = x1∀t and H˜
1(x, t) = H(x, t)∀x ∈ ∂B(x1, ǫ)∀t. We an dene
that homotopy suh that H˜1(x, t) ⊂ H1(B(x1, ǫ) × I) ∀x ∈ B(x1, ǫ) and
sine H1(B(x1, ǫ)× I) is ompat, H˜ is also proper and rooted. We do the
same with H2 and nally we have that (S1, x1) ≃P (S2, x2).
We an now give another proof of the following orollary in [1℄.
Proposition 10.6. Two loally nite simpliial trees are properly homotopi
(in the usual sense) if and only if their Freudenthal ends are homeomorphi.
Proof. Let S1, S2 two simpliial, loally nite trees. Let v ∈ S1 and w ∈ S2
any two points, hene (S1, v) and (S2, w) are two rooted trees, and by lemma
10.5 (S1, v) ≃P (S2, w) if and only if S1 ≃p S2.
We an hange the metri on the simplies and assume length 1 for
eah simplex. Then we have two homeomorphi opies of the simpliial
rooted trees (S′1, v)
∼= (S1, v) and (S
′
2, w)
∼= (S2, w) (in partiular (S
′
1, v) ≃P
(S1, v) and (S
′
2, w) ≃P (S2, w)), suh that the non-ompat branhes are
geodesially omplete.
The metris on (S′1, v) and (S
′
2, w) are proper. It sues to hek that
any losed ball entered at the root is ompat and this an be easily done
by indution on the radius. Sine the trees are loally nite and the distane
between two verties is at least 1, the losed ball B(v, 1) (similarly B(w, 1))
is a nite union of ompat sets (isometri to the subinterval [0, 1] in R). Let
B(v, n) a nite union of ompat sets, ∂B(v, n) is a nite number of verties
and, sine the trees are loally nite and the distane between two verties
is at least 1, B(v, n + 1) is also a nite union of ompat sets. Thus every
losed ball entered at the root is ompat.
(S′1, v) and (S
′
2, w) are proper length spaes, and by the Hopf-Rinow
theorem, see [10℄, (S′1, v) and (S
′
2, w) are omplete and loally ompat.
Now onsider the maximal geodesially omplete subtrees (T1, v) and
(T2, w) of (S
′
1, v) and (S
′
2, w) (Note that these are ∅ if and only if (S1, v)
and (S2, w) are ompat). These trees are loally nite, omplete, geodesi-
ally omplete and their metris are proper. We an now nd a proper
homotopy equivalene between the pruned tree Ti and S
′
i. The retrations
ri : (S
′
i, v) → (Ti, v), i = 1, 2, suh that ri(x) = y with d(x, Ti) = d(x, y)
dened in lemma 10.2 are proper maps sine after the hange of metri the
bounded branhes are ompat and the tree is supposed to be loally nite.
Clearly this retration and the inlusion give us a rooted proper homotopy
equivalene between the trees, (S′1, v) ≃P (T1, v) and (S
′
2, w) ≃P (T2, w).
Thus
(S1, v) ≃P (T1, v) and S2, w) ≃P (T2, w)
It is well known that in this onditions end(T1, v) = Fr(S
′
1, v) = Fr(S1)
and end(T2, w) = Fr(S
′2, w) = Fr(S2) and as we proved, end(T1, v) ∼=
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end(T2, w) ⇔ (T1, v) ≃Mp (T2, w). If the metri is proper (T1, v) ≃Mp
(T2, w) ⇔ (T1, v) ≃P (T2, w) and hene Fr(S1) ∼= Fr(S2) ⇔ (T1, v) ≃P
(T2, w).
Thus, Fr(S1) ∼= Fr(S2)⇔ (S1, v) ≃P (S2, w)⇔ S1 ≃p S2.
There is also an immediate proof of the following orollary in [4℄.
Proposition 10.7. Two geodesially omplete rooted R-trees, (T, v) and
(S,w), are rooted isometri if and only if end(T, v) and end(S,w) are iso-
metri.
Proof. If there is an isometry between the trees then the indued map be-
tween their end spaes is learly an isometry.
Let f : end(T, v) → end(S,w) an isometry between the end spaes.
Then, to indue the map between the trees we an take the identity as mod-
ulus of ontinuity. If λ ≡ Id[0,1] then f(F )(−ln(λ(e
−t))) = f(F )(t)∀F ∈
end(T, v)∀t ∈ [0,∞) and the map restrited to the branhes is an isom-
etry. For any two points in dierent branhes x = F (t), y = G(t′) with
−ln(d(F,G)) < t, t′. Sine the end spaes are isometri, the distane between
two branhes is the same between their images and hene d(fˆ(x), fˆ (y)) =
t+ t′ − 2(−ln(d(f(F ), f(G)))) = t+ t′ − 2(−ln(d(F,G))) = d(x, y) and fˆ is
an isometry between the trees.
Non-rooted maps between the trees If the map is not rooted we an
extend the idea of the rooted ase and dene how a non-rooted metrially
proper map indues a map between the end spaes.
Let f : (T, v)→ (T ′, w) any metrially proper (non-rooted) map between
two geodesially omplete rooted R-trees. Then ∀M > 0 ∃N > 0 suh
that f(B(v,N)) ⊂ B(f(v),M). Let d0 := d(w, f(v)), hene f(B(v,N)) ⊂
B(w,M+d0) and this is equivalent to f
−1(T ′\B(w,M+d0)) ⊂ T\f(B(v,N)).
Now we an indue a uniformly ontinuous map between the end spaes al-
most like in 7.2.1, sine for eah branh F ∈ (T, v) there is a unique branh
F ′ ∈ (T ′, w) suh that F ′[d0,∞) ⊂ f(F ) and so we dene f˜ : end(T, v) →
(T ′, w) suh that f˜(F ) = F ′.
The results then are not so strong, as an example of this we an give the
following proposition.
Proposition 10.8. An isometry (non rooted) f : (T, v) → (S,w) between
two geodesially omplete rooted R-trees, indues a bi-lipshitz homeomor-
phism between end(T, v) and end(S,w).
Proof. Let f : (T, v)→ (S,w) a non-rooted isometry. Consider F,G any two
branhes in end(T, v) and let x ∈ T suh that F [0,∞) ∩ G[0,∞) = [v, x] ≈
[0,−ln(d(F,G))] ⊂ R. Then f(F [0,∞)) ∩ f(G[0,∞)) = [f(v), f(x)] ≈
[0,−ln(d(F,G))] ⊂ R sine f is an isometry. Let d0 = d(w, f(v)), hene
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f˜(F ) =: F ′ and f˜(G) =: G′ oinide at least on [0,−ln(d(F,G)) − d0]
and at most on [0,−ln(d(F,G)) + d0] and so, e
ln(d(F,G))−d0 ≤ d(F ′, G′) ≤
eln(d(F,G))+d0 this is e−d0 · d(F,G) ≤ d(F ′, G′) ≤ ed0 · d(F,G) ⇒ f˜ is bi-
lipshitz.
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